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Arc length formula calculus integral

Want to hear something incredible? If you zoom in enough on any curve, it will appear straight. This means that all our knowledge of how to find distances on a line can be applied to everything that curves! In fact, the method of finding the length of a curve, or the length of the arc, uses the same techniques to find the
slope of a line and combines it with our understanding of the area under a curve. Let's start by taking any curve and noticing the phenomenon that if we zoom in close enough, that a curve looks just like a line for a very small/short distance. Formula to find the length of a curve This is extraordinary, because according to
Harvey Mudd College if we can simply add an infinite number of small distances, we will be able to calculate the length of any curve. Soon we will see how when we make a small change in the variable of a smooth and continuous differentiable function will produce a small change in its slope. And in doing so, we will
develop the arc length formula for integration and the Arc Length function, where we can find the length of a curve from a specified start point to any point on the curve. Together we will walk through several examples, and use our integration techniques, namely U-Substitution, to find the length of the curve. Arc Length
Formula Video Get access to all courses and over 150 HD videos with your Monthly, Semi-Annual and Annual Plans Available Subscription Get My Subscription Now Not Ready to Subscribe? Take Calcworkshop for a ride with our FREE limit distance path along a curve When adjusted, the curve gives a straight line
segment with the same length as the arc length of the curve. Arc length s of a logarithmic spiral as a function of its parameter 6. Arc length is the distance between two points along a section of a curve. Determining the length of an irregular arc segment is also called rectification of a curve. The advent of infinitesimal
calculus has led to a general formula that provides solutions in closed form in some cases. General approach Approximation from multiple linear segments A curve in the plane can be approximated by connecting a finite number of points on the curve using line segments to create a polygonal path. Since it is simple to
calculate the length of each linear segment (using the Pythagorean theorem in Euclidean space, for example), the total length of the approximation can be found by adding the lengths of each linear segment; that the approximation is known as distance (cumulative). [1] If the curve is not already a polygonal path, the use
of a number progressively greater than of shorter length will result in better approximations. The lengths of subsequent approximations will not decrease and may continue to increase indefinitely, but for smooth curves they will tend to a finite limit as segment lengths are arbitrarily obtained arbitrarily For some curves
there is a smaller number of L, which is a limit greater than the length of any polygonal approximation. These curves are called rectifiable, and the number L , displaystyle L , is defined as the length of the arc. Definition for a uniform curve See also: Length of a curve Letf:[a, b] - R n. The length of the curve defined
by f, displaystyle f, can be defined as the limit of the sum of line segment lengths for a regular partition of [a, b ], as displaystyle [a,b] , as the number of segments approaches infinity. This means that L (f)-limN - o Y if(ti):f(tiVisual style L(f),lim _n,a,insa-sum _f(t )-f(t_i-1) whereti,a,i(b,a)/N,a

s Lt rrrrrr e r ot nrrrrrrrrarnrnrrrrrrraattnnnrrrrararnnrnrrrrrrtnnnnnrrrrratnnrrrrrrrrannnrrrrrr sy, display stylei-0,1, puntic , N. This definition is equivalent to the standard definition

of arc length as integral: ImMN - oo Y if(ti):f(tilimN - oY if(ti), f(tiLl)T-fabf(t).dt., .,y aasssssssssssrrrrnasasssssssssssssssssssrrrrsrsssssssssss, (B )f(t i-1) N. of no. a, stacked,sum _,i,1, N, left frac (t ) -f(t_i-1) f'(t) dt. The last equality mentioned above is

true because of the following: (i) from the mean value theorem, f (ti), f(ti), ft(ti,0i(ti)), f(tii)),f(ti)), f(ti),f(ti),f(F@i)t )-f )-f( ):Deltatf(t 'i-1"theta 'iI'(t_'i'-t_'i-1"), where 0 &lt; 6= i=&gt; &It; 1= {\displaystyle=&gt; &lt;\theta&gt;&It;\theta&gt; &It;1} [dubious= —= discussed].= (ii)= the=
function= |= f="= |= {\displaystyle= |f'|} = is= continuous,= thus= it= is= uniformly= continuous,= so= there= is= a= positive= real= function= 6= (= €= )= {\displaystyle= \delta= (\epsilon=)}= of= positive= real= = {\displaystyle= \epsilon= }= such= that= 0= t=&gt;&lt;/1}&gt; &lt; d= (= €= )= {\displaystyle= \delta=&gt; &lt;\delta
(\epsilon=)}=implies= |= |=f="=(=t=i=—=1=+=0=i= (=t=i= —=t=i= —= 1 ==)= )= |= —= |= f="= (= t= i= )= |= |=&gt;&lt;\delta&gt; &lt; e= .= {\displaystyle=\left|{ \big= [} f'(t_{i-1}+\theta= _{i}(t_{i}-t_{i-1})){\big= [} -{\big= |} '(t_{i}){\big=&4gt; &lt;\epsilon .} =this=means==i=1ln=|=f=(=t=i=)=—=f=(=t=i= —=1=)= 0=
t=|=0=t=-=Y=i=1 n=|=f="= (= t= i= )= &= t= {\displaystyle= \sum= {f(t_{i})-f(t_{i-1})} {\delta= t}} \right|\delta= t-\sum=_{i=1}N}\Big |} f'(t_{i}){\big= |} \delta= t}= has= absolute= value= less= than= €= (= b= —= a= )= {\displaystyle= \epsilon= (b-a)}= for= n=&gt;(b ) / & (&) . &lt;a0&gt; stile di visualizzazione N&gt; (b-
a)/delta (epsilon ). Ci0 significa Che NEl IIMITE N o 00 | 1y s s s s s s s s s s s s s s s s s r s s n s s s 000 a s s s s s s s s s s sy ar s a s a s s s s s s s s sssrsra s saaaassssssssssrrrrrraaaassrasssssssssssy, (t).Stiledivisualizzazione (f'(t) su&lt;/\epsilon&gt; su&lt;/\epsilon&gt; a, b ] . Display style [a,b].

This arc length definition shows that the length of acurve f:[a,b] - R n, display style f:[a,b] , rightarrow , mathbb , R, n, is always differentiable on[a, b ], is always over. In other words, the curve is always rectifiable. The definition of the arc length of a smooth curve as an integral of the derivative norm is
equivalent to the definition L (f)-sup > if(ti):f(tivisual style L(f)lsupsum _i,1, N, Bigg . f(t_)-f(t_i-1) in which the supremum is taken over on all possible partitions, the number of &It; t 1 &It; --- &lIt; t N n. 1 &lt; &It;t &lt;tt {O}&lt; t {1}&lt; t n . Display style [a,b]. [2] This definition is valid even if f - displaystyle f is
simply continuous, not differentiable. A curve can be parameterized in many ways. Leave @ :[a,b] - [c, d], display style : [a,b], a[c,d] , be any continuously differentiable bijection. Sog o @ :[c,d] - R n's reckless display g, f, crc, varphi, 1, a . display style f. The arc length of the curve is the same regardless of
the parameterization used to define the curve: L (f)-ftobf(t).dt-fabg(@(t)e(t)dt-fabg(o(t) e (t)dtfrom @ mustbe non-decreasing, [cdg (u) d u using substitution integration : L ( g) . stile di visualizzazione o inizio allineato , L(f)&amp;gt;int _' ' f(t) dt _int _"a. g'('varphi (t)'varphi '(t) dt&amp;gt; int
_'a'b'b'Big'. g'(‘'varphi (t)"Big""""varphi (t') '(t)' dt'quad 'textrm'since" .varphi "textrm'must""textrm""'textrm"" textrm"""'int"int"jng _ ‘¢ — a i a g e e s e g'u) du quad textrm using textrm integration L ... ...
............................................................................................................................. Quarter circle curves If a planar curve in R 2, visual style , mathbb , R, {2} is defined by equation y , T (X ), 4 44 v v v s s s s s s a s rssssnssnsnsnssssss

., IS simply a special case of a parametric equation in x is t - display style x and y - f (t) . Display style y(t). The length of the arc is then given by: s[tob 1 (dydx) 2d x . display styles _int_"a, b, sqrt, sqrt, 1, left (frac dy , dx , right) {2} dx . Closed-shaped curves for arc length include catenary, circle, cycloid,
logarithmic spiral, parabola, semicubic parabola, and straight line. The lack of a closed-shaped solution for the length of the arc of an elliptical and hyperbolic arc led to the elliptic integrals. Numerical integration In most cases, including simple curves, closed-form solutions are not required for arc length and numerical
integration. Numerical integration of the arc length integral is usually very efficient. Consider, for example, the problem of finding the length of a quarter of the unit circle by numerically integrating the arc length integral. The upper half of the unit circle can be parameterized asy, 1, and x 2 . &lt;a0&gt; display style
&lt;/a0&gt; , &lt;al&gt; display style &lt;/al&gt; , &lt;a2&gt; style {2}a2&gt; , &lt;a3&gt; display style &lt;/a3&gt; , &lt;ad&gt; display style &lt;/ad&gt; , &lt;a5&gt; y &lt;/a5 The x Erange[s.2/2,2 /2], x visual style , in [-, sqrt {2}, {2}, sqrt {2}, 2 ] is a quarter of the circle. Sincedy/d x x/ 1 x x 2 - displaystyle dy/ dx - x
/sqrt1-x{2}and 1-(dy/dx)2-1/(1xx2),the length of a quarter of the unitcircleis [,{2}2/22/11,{2} x 2d x . Display style ,int _"-'sqrt {2}'/2',sqrt {2}'/2'frac {1}'sqgrt '1-x'{2}',dx. The gauss-kronrod 15-point estimate for this integral of 1.570796326808177 is different from the real length of [ arcsin x]-2/22/2
-m2,m,nt2,M1,M7,T,2,{2}. The estimate of the {2} gaussian quadrature rule at 16 points of {2} 1.570796326794727 is different from the real length of 1x.7x10x13. This means that you can evaluate this integral accuracy almost machine with only 16 evaluations integrating. Curve on a surface Let x (u, v) - visual
style ,mathbf , x , (u,v), be a surface mapping, andletC (t) (u(t),v(t)),,,, visual style, mathbf, C, (t), be a curve on this surface. The integration of the arc length integral is (x o C) - (t) . Display style display properties (‘mathbf'x'crc'mathbf 'C")'(t)'. Derivative evaluation requires the chain rule for vector fields: D
(xeoe C)(xuxv)(uv)(u)(u).display style D{mathbf X MathbDf C ) (. . . ... et e e e e e e e e e e e
................................................................................................................................................................................................ The squared norm of this vectoris (xuu,xvv)((xuu,xvv)(g
11(u)2,2912u,v,g22(v)2v)2bfx_s'u'mathbf'x"'_'v'v')cdot (2g9_{12} {2}'mathbf 'x' _'u™mathbf 'x'v'v') g_{11} (u') g_{22} (where g i j "displaystyle g_'ij' is the first fundamental form coefficient), so that the integration of the integral length of the arc {2} can be writtenasgab (ua) (u b)) display style g_ s.t.
(u,a) (whereul,u,display style u, {1} ,and si 2, v, display style u, {2} . Other coordinate systems Let C (t) (r(t), 8 (t)), which is the visual style , mathbf, C, (t), (r (t) , be a curve expressed in polar coordinates. Mapping that transforms from polar coordinates Rectangular coordinates are x (r,0)-(rcos 0,r
sin 0 ). mathbf mathbf visual style (r, theta) (r,cos ,theta ,r, sin) . The integration of the arc length integral is (x ¢ C) - (t) . Display style display properties (‘'mathbf'x'crc'mathbf 'C")'(t)". The chain rule for vector fields shows that D (x e C)-xrr, x 0 0. display style D ('mathbf'x'crc'c'e 'C') Therefore, the squared
integration of the arc length integral is (xr-xr) (r)2(xr-x0)r'8s(x06-x0)(06)2(r)2(r)2(06) 2. Display style (‘mathbf'x_'r', cdot ,mathbf ,x_'r") (r') {2} (mathbf'x'r'cdot 'mathbf'x'theta’)rta 'rta ' '(‘mathbf'x'x'theta 'cdot 'mathbf'x'theta’)(‘theta’)'{2}'(r')'{2} r'{2}('theta’)'{2}'. Thus, for a curve expressed in polar
coordinates, the length of the arcis[t1t2(drdddt)2-r2(d0dt)2dtfO(t1)06(t2)(drdB)2-r2d6._intvisual style t {1}t {1}t {2} sqrt, sqrt, left (‘frac'dt'right)'{2}'r'{2} left('frac'd'theta'dt'right)'{2} {2} {2} t_{2} {2} (t_{1} t_{2}) t {2}, sq {2} {2}rt (t_{2}), no. Now letC (t) (r(t),0(t), @ (t)............
............................................................................... be a curve expressed in spherical coordinates, where 6 is the polar angle measured from the positive azimuthal angle z - display style z and @ - display style. The mapping that transforms from spherical coordinates to
rectangular coordinatesisx (r,0,@)-(rsin 6cos @,rsin 6sin @, rcos 8). display stylemathbf mathbf (r, theta , phi) (r sin (r, phi) phi ,r, theta (r, theta , phi, or theta). Using the chain rule again shows thatD (x e C)-xrr,x08 ,x @ ¢ . display style D( mathbf x, crc, Mathbf , C , ), , .., s srnnnnrrrsss
T AN |l o] (o To [§3 530 (o] G IO o K57 o] P\ YARS1 0 (I 0 ¢ P=1 g o) S G oo (0] SN 4 =11 01 o D GRRRIN

L rrrrrrr oy rrrnan e rrrrrrrrrrrhannn s rrrrrrrrrrrnrnnn s rrrrrrrrrrrraan sy, SO the squared norm of thisvectoris (Xr-xr)(r2)(x0-x0)(0)2(xe-x@)(@)2(er)2(r)2(06)2(6)2()2(2sin2 06

). visual style ('mathbf 'x' _‘cdot 'mathbf 'mathbf 'x' _'r')(r'{2}) '('mathbf 'x' ' lata 'cdot 'mathbf 'mathbf ) (‘theta ')'{2}('mathbf'x'x")"." theta')"{2}'('mathbf'x'x'theta’)"""""""mathbf'x't'cdot"mathbf'x't") (‘theta’)' {2} (‘'mathbf'x'x't cdot cdot ,mathbf , x, _, phi ,)(phi ") {2} (r') {2} 'r'{2}('theta’) {2} 'r'{2}'n' {2}'{2}'theta ({2} phi') So, for a curve
expressed in spherical coordinates, the arc lengthis [t1t2 (drdt)2-r2(d0dt)2-r2sin2 6(d@dt)2dt. Display visual style left(frac , dt, {2} ) {2} {2} left (frac dtheta , dt , right), {2} , r, {2}, {2}, {2} , {2} . Dt. A very similar calculation shows that the arc length of a curve expressed in cylindrical coordinates is
Jtlt2(drdt)2-r2(de6dt)2(dzdt)2dt.visual style 'int 't {1}t {2}'sqrt

Sttt (frac At gt ) 2 2 et s uyzppzp  n  —wee: {2 .
...................................... {2} . ... Simple cases Arcs of circles Arc lengths are indicated by s, since the Latin word for length (or size) is spatium. In the following lines, r - display style r, represents the radius of a circle, d ,
display style d , is its diameter, C , visual style C, is its circumference, s s - display style s is the length of an arc of the circle, and 8 visual style - the angle that the arc subtends in the center of the circle. Distancesr, d, C,, displaystyle r,d,C, and s - displaystyle s are expressed in the same units. C-21r,,,,,,,,,,,
s Ty s sy s sy oy s r s s n sy, disSplay style Cpid. This equation is a definition of 1t. display style. If the arc is a semicircle, then s 1t r . spi r display style. For an arbitrary circular arc: if 8 , the display style is expressed in

radians, then s and r 6 . &lt;a0&gt; display style &lt;/a0&gt; . This is a definition of the radiant. If it is 'displaystyle'theta’ is in degrees, then s, 11 r 8 180 degrees, ,display style s, frac, pi r, theta , which is the same as s, C is 360 degrees. display style s frac Ctheta 360 text . If is theta display element is in degrees (100
degrees, or degrees, or steps are a right angle), then s 1t r 8 200 degrees, s ' display style s ' frac 6 . display style s frac ¢ Ctheta 400 text . If it's 'displaystyle'theta’ it's in turn (a turn is a full rotation, or 360 degrees, or 2 degrees, or 2 1t 'displaystyle 2' more radiant), thens'C 8 /turn's'c'c'. Arcs of large circles on Earth
Main article: Distance of the large circle More information: Geodesic on an ellipsoid Two units in length, the nautical mile and the meter (or kilometer), have originally been defined so that the lengths of the of large circles on the Earth's surface would simply be numerically related to the angles below its center. The simple
equation s, 0, the display style s, the sum of the names applies in the following circumstances: if s s - display style s is in nautical miles and 8 , visual style , 8 ) is in arcminute ( 1/60 degrees ) or if s s - display style s is in kilometers, and 8 - display style - the sum is in degrees centigrade ( 1/100 degrees). The lengths
of the distance units were chosen to make the circumference of the Earth equal to 40000 40000 or 21600 nautical miles. These are the numbers of the corresponding angular units in a full shift. These definitions of the nautical meter and mile have been superseded by the more precise ones, but the original definitions
are still quite accurate for conceptual purposes and some calculations. For example, they imply that one kilometer is exactly 0.54 nautical miles. Using modern official definitions, a nautical mile is exactly 1,852 kilometers,[3] implying that 1 kilometer is about 0.53995680 nautical miles. This modern ratio differs from the
one calculated from the original definitions for less than one in 10,000. Length of an arc of a parabola For a calculation of the length of a parabolic arc, see Parabola - Arc length. Historical Methods Antiquities For much of the history of mathematics, even the greatest thinkers have found it impossible to calculate the
length of an irregular arc. Although Archimedes had paved the way for a way to find the area under a curve with his method of exhaustion, few believed that it was also possible for curves to have defined lengths, as well as straight lines. The first ground was broken in this field, as has often been calculated, by
approximation. People began to inscribe polygons within curves and calculate the length of the sides for a slightly accurate measurement of length. Using multiple segments and decreasing the length of each segment, they were able to get an increasingly accurate approximation. In particular, by inscribing a polygon of
many sides into a circle, they were able to find approximate values of 1t.[5] 17th century In the 17th century, the method of exhaustion led to the geometric grinding of several transcendental curves: evangelista Torricelli's logarithmic spiral in 1645 (some sources say John Wallis in 1650), Christopher Wren 's cycloid in
1658, and Gottfried Leibniz's catenary in 1691. In 1659, Wallis credited William Neile's discovery of the first rectification of a non-trivial algebraic curve, the semi-lesbian parable. The accompanying figures appear on page 145. On page 91, William Neile is mentioned as Gulielmus Nelius. Integral form Before the full
formal development of the calculus, the basis for the modern integral shape for arc length was discovered independently by Hendrik van Heuraet and Pierre de Fermat. In 1659 van Heuraet published a construction showing that the problem of determining arc length could be transformed into the problem of determining
the area under a curve (i.e. an integral). As an example of his method, he determined the arc length of a semi-lesbian parable, which required finding the area under a parable. [8] In 1660, Fermat published a more containing the same result in his De linearum currum cum lineis rectis comparatione dissertatio geometrica



(geometric dissertation on curved curved than straight lines). [9] Fermat's method of determining the length of the arc Build on his previous work with tangents, Fermat used curve y, x 3/2, display style y, x , 3/2, whose tangent in X, a has a slope of 3 2 to 1/2, style display: text style #3, over 2, so that the tangent line has
equationy, 3 2to 1/2 (x a), f (a). display style y text style #3 , over 2, a, 1/2 , (x-a), f (f). Subsequently, it increased a by a small amount to a €, making the AC segment a relatively good approximation for the length of the curve from A to D. To find the length of the AC segment, he used the Pythagorean theorem: AC 2,
FAN = I - N O N I (o IR O (B R L - ) IR )

., €{2} BC {2} &amp;qgt; text style {2} {2} , 9, up 4, a, varepsilon , {2} , text style , {2} , left (1, O, MOIe than 4 | @, @, ., ) s 0 s s s s s 000000 s s s s 0000000011 s s s a0 00000 s s s s s a0 0000 s s s s s s s a0 00 s aa s s s s s s 000 anr s s s s s a0 00 s n s s s s s s s a0 s an s s s s s s s s a s r s s s s s s s s s s s s s s s s s s a s sssss

L rrrrrrr o rrr a2} ONCe resolved, produces AC-€1x94a.AC visual style , text style , varepsilon , sgrt, 1,9, over 4, . In order to approximate the length, Fermat would summarize a sequence of short segments. Infinite length

curves See also: Paradox of the coast The Koch curve. The graph of xsin(1/x). As mentioned above, some curves are not rectified. That is to say, there is no upper limit on the lengths of polygonal approximations; the length can be made arbitrarily large. Informally, such curves are said to have an infinite length. There
are continuous curves on which each arc (other than a single-point arc) has infinite length. An example of such a curve is the Koch curve. Another example of an infinite-length curve is the function graph defined by f(x) : x sin(1/x) for any open set with 0 as the delimiter and f(0) - 0. Sometimes the Hausdorff dimension
and the Hausdorff measure are used to quantify the size of such curves. Generalization to (pseudo-)Riemannian multiple That M has shown as a (pseudo-)Riemannian multiplicity, y : [0, 1] - M, display style , gamma :[0,1] , a curve in M , displaystyle M , and g, displaystyle g , the metric (pseudo--) The length of vy,
display style, isdefinedtobe | (V) : [ 120 (Y (1), Y () dt, ., {0 00 s s s s a s s s s s s s s s s s s s s n s s s s a s a1 s s s s s s s ra s a s s s s s s s s sssssssssssanassssssssssssssssssssransaasssssssssyY{l},(gamma'(t),gamma '(t)", dt, wherey' (t) € Ty (t) M 'displaystyle '(t)"in T_
gamma (t)'M' is the tangent vector of y ' y . &lt;a0&gt;display style&lt;/a0&gt;. The sign in the square root is chosen once for a given curve, to ensure that the square root is a real number. The positive sign is chosen for spatial curves; in a pseudo-Riemannian manifold, the negative sign can be chosen for time-like curves.
Therefore, the length of a curve is a non-negative real number. Curves that are partly spatial and partly time-like are not usually considered. In theory of relativity, arc length Time-like curves (world lines) is the correct time spent along the world line, and the arc length of a spatial curve the correct distance along the
curve. See also Arc (geometry) Circumference Crofton formula Elliptic integral Geodeics Intrinsic equation Approximations Arc Meridian integral line Multivariable Arc Sinuousness References - Ahlberg; Nilson (1967). Spline theory and their applications. Academic press. p. 51. ISBN 9780080955452. Rudin, Walter
(1976). Principles of mathematical analysis. pp. 137. ISBN 978-0-07-054235-8. Suplee, Curt (July 2, 2009). Special publication 811. nist.gov. - CRC Manual of Chemistry and Physics, p. F-254 - Richeson, David (May 2015). Circular reason: who first proved that C divided by d is a constant?. The College Mathematics
Journal. 46 (3): 162—-171. doi:10.4169/college.math.j.46.3.162. ISSN 0746-8342. S2CID 123757069. Coolidge, J. L. (February 1953). The lengths of the curves. The American Mathematical Monthly. 60 (2): 89—-93. doi:10.2307/2308256. JSTOR 2308256. Walllis, John (1659). Tractatus Duo. Previous, De Cycloide et de
Corporibus inde Genitis.... Oxford: University Press. pp. 91-96. van Heuraet, Hendrik (1659). Epistle de transmutatione curvarum linearum in rectas [Letter on the transformation of curved lines into the right ones]. Renati Des-Cartes Geometria (2nd ed. Amsterdam: Louis &amp; Daniel Elzevir. pp. 517-520. M.P.E.A.S.
(pseudonym of Fermat) (1660). De Linearum Curvarum cum Lineis Rectis Comparatione Dissertatio Geometrica. Toulouse: Arnaud Colomer. Farouki Sources, Rida T. (1999). Curves from movement, movement from curves. To Laurent, P.-J.; Sablonniere, P.; Schumaker, L. L. (eds.). Design of curves and surfaces:
Saint-Malo 1999. Vanderbilt Univ. Press. pp. 63-90. ISBN 978-0-8265-1356-4. External links Wikimedia Commons has average arc length. Rectifiable curve, Encyclopedia of Mathematics, EMS Press, 2001 [1994] The Story of Weisstein Curvature, Eric W. Arc Length. MathWorld. Arc Length by Ed Pegg Jr., The Wolfram
Demonstrations Project, 2007. [permanent dead link] Calculation Study Guide — Arc Length (Rectification) Famous Curves Index The MacTutor History of Mathematics archive Arc Length Approximation by Chad Pierson, Josh Fritz and Angela Sharp, The Wolfram Demonstrations Project. Length of a curve experiment
lllustrates the numerical solution to find the length of a curve. Recovered from
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