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Problematic solutions for chapter 3 3.1 (a) P(A occurs during two trials) = 1; P(A never occurs in n trials); P(A occurs once inntrials) =1 ; (1 ; c)n; np(1, p)n,1 (b) P(A occurs three times in n trials) = 1 ; P(A never occurs in n trials) ; P(A occurs once in n trials) ; P(A occurs twice inntrials) =1 ; (1 ; c)n; np(1; p)n;1; n(n; 1) 2 p2(1 ; p)n;2
3.2=16]j16=136 P(double six three times in n trials00) =1 ;50013603536 50;501136353649;5021362353648=0:1623.6(a)pl=1;566=0:665(b)1;561212121!165611=0:619(c)1;5618;181!165617;182!16256 16 =0:597 4.2 3.7 (a) Hexali n npeacTaB/se KiNbKiCTb Nepemor, Heob6XiaHVX B
50 irpax, Tak Wwo 4mctuii npnbyTok abo 36UTOK He nepesuLlye $ 1. Lle gae umctuii npnbyTok 6yTn ;1 &lt;; 50 ; n 4 &lt; 1 16 &lt; n &lt; 17:3 n = 17 P (uncTtuin npubyTok He nepesuiyye $1) =50 17 1 4 17 3 4 33 = 0:432 P(unctuin npnbyTok abo 36utok nepesuitye $1) = 1 ; 0:432 = 0:568 (b) Hexali n npeacTaBnsie KinbkicTb Nepemor,
Heob6XiAHMX A41a TOoro, Wo6 yncTuii npnbytok abo nporpawl He nepesuwysann $5. Lie aae ;5 &lt; n; (50 ; n) 2 &lt; 5 13:3 &lt; n &lt; 20 P(net gain does not exceed $5) = X19n=1450n 14 n 3 4 50;n = 0:349 P(net gain or loss exceeds $5) = 1 ; 0:349 = 0:651 5. 3 3.8 De ne the events A=r successes in n Bernoulli trials B=success at the ith
Bernoulli trial C=r; 1 successes in the remaining n; 1 Bernoulli trials excluding the ith trial P(A) = nr prgn;r P(B) =p P(C) =n; 1 r; 1 pr;1 gn;r We need P(BjA) = P(AB) P(A) = P(BC) P(A) = P(B)P(C) P(A) =r n: 3.9 There are 52 13 ways of selecting 13 cards out of 52 cards. The number of ways to select 13 cards of any suit (out of 13
cards) equals 13 13 = 1. Four such (mutually exclusive) suits give the total number of favorable outcomes to be 4. Thus the desired probability is given by 4 52 131 =6:3j 10;12 6. 4 3.10 Using the hint, we obtain p(Nk+1 ; Nk) = q(Nk ; Nk;1) ; 1 Let Mk+1 = Nk+1 ; Nk so that the above iteration gives Mk+1 =g p Mk ; 1 p = 8 &gt;&gt;&gt;&lt;
&gt;&ot;&at;: qpkM1;1p;qnl;(qpkop6=qM1;kpp=qLlepgaeNi=i1X k=0 Mk+1 =8 &gt;&gt;&gt;&gt;&gt;&lt; &gt;&gt;&gt;&gt;&gt;: M1 + 1 p; qi;AXk=0qpk;ip;gp6=qiM1;i(; 1) 2p p = q, Ae mn BukopuctoyBann No = 0. AHasoriyHo Na+tb =0 pae M1+ 1 p;Q=a+bp;q1;g=p 1; (g=p)atb : Takum ynHom Ni = 8
&gt,&gt: &gt &lt; &gt;&gt;&gt;:atbp;ql;(g=p)il; (g=p)atb;ip; Qp6=qi(atb;i)p=0q7.5, wo gae ansi=a Na = 8 &gt;&gt;&gt;&lt; &gt;&gt;&gt;: a+ b p; q1; (g=p)al; (g=p)atb;ap;qp 6=qab p =g =8 &gt;&gt;&gt;&It; &gt;&gt;&gt;: b 2p; 1 ;a+ b 2p; 1 1; (p=q)b 1 ; (p=g)a+tb p 6=q: ab p =g 8. 6 3.11 Pn = pPn+ + gPn;a
AprymeHTauia sk y (3.43), oTpuMyeMO BignoBigHe piBHAHHSA iTepaLil Pn = Pn+ + gPn;a i npogoexumo, Ak y npuknagi 3.15. 3.12 Mpunyctumo, Wo ofguH kpawmin Ha k = 1 2 6. Togi pl = P(k 3'aBnseTbca Ha ofHil kictui) =3 116 6 6 2 p2 = P(k 3'aBnsAtoTbca Ha ABOX KicTkax) =32 1 6 2 5 6 p3 = P(k 3'aBNsA0TLCA Ha BCIX AepeBHUX KicTkax) = 1

6 3 p0 = P(k 3'ABNAIOTLCSA HEMaE) = 5 6 3 TakMM YMHOM, OTPUMYEMO YNCTUIA NpUBYTOK = 2pl + 3p2 + 4p3; p0 = 0:343: 9. 215 Masa 15 15.1 Naxuoxok, npeactasnennii P = (| [ ||| 01/21/2 12 1/21/21/20) | | [ | |) Hessignuit i anepiognunmii. Apyruit naHLtoXoK Takox He3BigHuiA | anepiognuHuii. TpeTil NaHLoXoK Mae aBa
anepioguuHNX 3aMKHYTUX MHOXWHW {el, e2} i {e3, e4} i nepexigHwii cTaH e5. 15.2 3ayBaxTe, Lo the sums of rows, and the sums of columns, are a unit in this case. 2008 - 20th (| [ [ [ [ [|[{122-2 ... ........22-- 22V |I[|[l[]])lame~wP{xn=ek}=1m+1,k=0,1,2, - - m. 15.3 This is a problem of success runs,
discussed in examples 15-11 and 15-23. From example 15-23 we get ui+1 = pi,i+1ui=1i+ 1 ui=uo (i + 1)! so that from (15-206) o k=1 en =u0Q o k=1 1 k! = e - u0 = 1 10. 216 gives u0 = 1/e, and the probability of a stable state is given uk = 1/e k! , k=1, 2, - - - 15.4 If the zero generation is a size m, then the overall process can be

considered as the sum of m independent and equally distributed branching processes x(k) n, k=1, 2, - - - m, each of which corresponds to the size of unity in the zero generation. 1 -, «0988| — 20|| -1 place (1st place in the Ranking) {x(m) n = 0|x (m) 0 = 1}] = m k=1 P[x(k) n = O|x (k) 0 = 1] = tm 0 15.5 From (15-288)-(15-289), P(z) = p0 +
plz + p2z2 , since pk =0, k= 3. Also p0 + pl1 + p2 = 1, and from (15-307) the probability of extinction is given by insentation to the equation P(z) = z. Note that P(z) — z = p0 — (1 — pl)z + p2z2 = p0 - (p0 + p2)z + p2z2 = (z - 1)(p2z - p0) and therefore two roots of equation P(z) = z1 =1, z2 = p0 p2 . In 1996 it was &gt; &It; 1995. This
follows from 11. 217, what is a tribe that does not give offspring in the forebeat is obliged to be dead. 15.6 Define branching process {xn} xn+1 = xn k=1 yk, where yk are random variables i.i.d with the total P(z) generation function, so that (see (15-287)-(15-289)) P (1) = E{yk} = p. E{xn+1|xn} = E{ xn k=1 yk|xn = m} = E{ m k=1 yk|xn = m}
= E{ m k =1 yk} = mE{yk} = xn p Similar to E{xn+2|xn} = E{E{xn+2|xn+1, xn}} = E{E{xn+2|xn+1}|xn} = E{uxn+1|xn} = y2 xn and generally get E{xn+r|xn} = pr xn. (i) Also from (15-310)-(15-311) E{xn} = un . (ii) Define wn = xn un . (iii) This gives E{wn} = 1. The division of both sides (i) with pn+r we get E{ xn+r pn+r [xn = X} = pr - Xn yn+r = xn
pn =wn 12. 218 or E{wn+r|wn = x pn A = w} = wn, which gives E{wn+r|wn} = wn, the desired result. 15,7 sn = x1 + X2 + - + xn, where xn are random variables i.i.d. We have sn+1 = sn + xn+1 so that E{sn+1|sn} = E{sn + xn+1|sn} = sn + E{xn+1} = sn. Thus, {sn} represents Martingale. 15.8 (a) Of Bayes' theorem P{xn = j|xn+1 =i} =
P{xn+1 =i|xn = j} P{xn = j} P{xn+1 =i} = qj pji gi = p* ij, (i), where we assumed that the chain was in stable condition. (b) Note that reversing time is equivalent to p>* ij = pij and using (i) gives p* ij = qgj pji gi = pij (ii) or, for a chain that returns in time, we get qj pji = qi pij. (iii) To onys, 219 Thus, using (ii) we get by directly replacing pij pjk
pki = gj gkj qi gi gik = pik pkj pji, the desired result. 15.9 (a) Specified that A = AT , (aij = aji) and aij &gt; 0. Determine the sum of the string ri = k aik &gt; 0, i =1, 2, - and let pij = aij k aik = aij ri . Then pji = aji m ajm = aji rj = aij rj = ri rj aij ri = ri rj pij (i) or ri pij = rj pji. From here i ri pij =i rj pji = rj i pji =r1j, (ii) because i pji=iajirj=rjrj=1.
Note that (ii) satisfies the probability distribution of stable state (15-167) qi=cri,i=1,2, - - Wherecisgivenciriziqi=1==c=1iri=1ijaij.14.220 Thus, gi=riiri=jalijij aij &gt; O (iii) represents a stationary distribution of the probability of a chain. From (iii) to (i) we get pji = qgi gj pij or pij = gj pji qi = p* ij and therefore the chain is
reversible in time. 15.10 (a) M = (mij) is given M = (I = W)-1 or (I - W)M = | + WM, that gives mij = 3ij + k wik mkj, ei, e] € T = 3ij + k pik mkj, ei, ] € T (b) The general register is solved on pages 743-744. From page 744, with N = 6 (2 absorbing states; 5 transnational states), and from r = p/qwe get mij= [ [|[1[{ [I[|]{ (] - 1)(r6-i - 1)
(p-q)r6—1),j<i(ri-21)(r6-i-rj-i) (p — q)(r6 — 1), j =i. 15.11 If the stohastic matrix A = (alij), aij &gt; O corresponds to the gable matrix of the Markov chain, 2007 - Did not enter 221 where pij &gt; 0, j pij = 1, and it is not always possible. For example, in two states of the chain, in the 1980s, (| o, aBB ||/ a (| | 2005, it was 1,a,000
3,000 s00000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000 0000000000000000000000000000000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000000000 B (1 — o) (a + B)(1 - B) B2 + (1L — a)(X - B) | | ). This sums up these diagonal entries to be all +a22 = a2 + 2(1 - a)(1 - B) + B2 = (a + B)2(a + B) + 2 =1 + (a + B — 1)2 = 1. (i) Therefore, the condition (i) is necessary. Since 0 &lt; a &lt; 1, 0 &lt; B &It; 1, we also get 1 &lIt; a1l +
a22 < 2. Futher, the condition (i) is also sufficient in 2 x 2 cases, since all + a22 &gt; 1, a + - 1)2 =all + a22 - 1 &gt; 2 B a 007 - 20 + V08 B a o - Did not enter 15.12 In this case, the chain is irredient and aperiodic and there are no absorption states. The stable state distribution {uk} satisfies (15-167), so we get uk = jj pjk = N j=0 uj N k
pk j gN-k j B &gt; a &gt; . 0 then fixation of clean genes does not occur. In 1990 it was significant and 1000-1000000000000000000000000000000000000000000000000000000 x (k)i , k=0, 1, 2, - - - ¥ 1990 pouji BiH 6yB 06paHuii 40 MixHapogHoT ciMm'i B 1988 poui. OgHak Ansi BUSHAYEHHS PELLTK BNIACHUX 3HAYEHHS MU MOXEMO
BMKOpPUCTOBYBaTK 3B'A30K B (15A-7). 3BiATW BignosigHa PyHKLiA reHepyBaHHA YMOBHOIO MOMeHTY B (15-291) 3agadtbes G(s) = N j=0 drink sj (i), ae Big (15A-7) pij = {Ai (2)}j {BN-i (z)}N-j {Ai (z) BN-i (z)}N = koedinigHT with 5 zN B {Ai (sz) BN-i (2)} {Ai (z) BN-i (2)}N (ii) 3a inoro agpecoto (ii) B (i) My oTprMygmo KomMnakTHuin Bupas G(s) =
{Ai (sz) BN-i (2)}N {Ai (z) BN=i (2)}N . (iii) AndbepeHuiayis G(iB) no BigHoweHHIO Ao with mu oTpumygmo G (s) = N j=0 Drink j sj—1 = {iAi-1 (sz) A (sz)z BN-i (2)}N {Ai (z) BN-i (2)}N =i - {Ai—-1 (sz) A (sz) BN-i (2)} N-1 {Ai (z) BN=-i (2)}N . (iv) 17. 223 Letting s = 1 y HaBegeHoMy BuLLe Bupasi oTpumygmo G (1) = N j=0 drink j =i {Ai-1 (2) A (2)
BN-i (z)}N-1 {Ai(z) BN-i(z)}N . (v) B oco6nunsomy sunagky, konn A(z) = B(z), Eq. (v) 3meHwygrtbea go N j=0 drink j = A1 i (vi), ge A1 = {AN-1 (z) A (z)}N-1 {AN (2)}N . (vii) 3BepHiTb yBary, Lo (vi) MoxHa 3anucatu Ak Px1 = A1 x1, x1 =0, 1, 2, - - - N]T i 3a npamum o6umncneHHam 3 A(z) = B(z) = (q + pz)2 (npuknag 15A-1) otpumygmo Al =
{(q + pz)2(N-1) 2p(g + pz)}IN {(g + + pz)2N IN = 2p{(g + pz)2N-1 }N-1 {(q + pz)2N IN =2p 2N N — 1 gqN pN-1 2N N gN pN = 1. Takum unHom, N j=0 drink j = i i from (15-224) ui naHuUtOXKn NpeacTaBnaoTs Martin-gales. (AHanoriyHo ans npuknagis 15A-2 i 15A-3). [Ins BUSHAUYEHHS peLLTX BAIaCHUX OLIHOK MU Liie pa3 audpepeHuitoiite G (n).



Lle pag G (s) = N j=0 drink j(j — 1) sj—2 ={i(i — 1)Ai-2 (sz)[A (s2)]2 from BN-i (z) + iAi-1 (sz) A (sz) from BN-i (z)}N-1 {Ai (z) BN=i (z)}N = {i Ai-2 (sz) BN=i (2)[(i — 1) (A (s2)) 2 + A(sz)}N-2 {Ai (z) BN-i (2)}N . 18. 224 3 s =1, i A(z) = B(z), HaBeeHui1 BuLLe Brpa3 cnpoltyd N j=0 drink j(j — 1) = A2 i(i — 1) + ip2 (viii), ae A2 = {AN-1) = {AN-1(i
= 1) +ip2 (viii) ge A2 ={AN-1 2 (2) [A (2)]2 IN-2 {AN (2)IN i p2 = {AN-1 (2) A (2)}N-2 {AN (2)}N . Ek. (viii) moxe 6yTn nepenncanuii ak N j=0 drink j2 = A2 i2 + (MHOrouneH B i cTyneHs < 1) i B3arasi NoOBTOPOBATK L0 NpoLeaypy npoieaypy nostoptoBath wwo (nokasatu ue) N j=0 pij jk = Ak ik + (MHorouneH i ctyneHs < k — 1) (ix), ge Ak =
{AN-k (2) [A (2)]k IN-k {AN (2)}N, k=1, 2, - - - N. (X) PiBHsIHHS (Vii[)—(X) MOTVBYIOTb po3rnagaty ToToxHoOCTI P gk = Ak gk (xi), Ae gk § MHorouneHamu B i cTyneHs < K, i npy npaBu/ibHOMY BUOOPI KOHCTAHT BOHM MOXYTb 6yTK 06paHi B Lili doopmi. 3 Lboro sunameag, wo Ak, k =1, 2, - - - N, 3aganuii (ix) npeactaBnsawTb 6axaHi 3HaYeHHS
B/IACHUX 3HAuYeHHs. (a) IMOBIpHOCTi nepexoay B LibOMy BUNaAKy BUXOASATb 3 npuknagy 15A-1 (ctopiHka 765-766) 3 A(z) = B(z) = (q + pz)2 . Takum unHOM, BrKopucToBytoun (ix) Mu 19. 225 oTpumaty 6axani 3HaueHHs Ak = {(q + pz)2(N-k) [2p(g + p k IN-k {(q + pz)2N IN = 2k pk {(q + pz)2N-k IN-k {(g + pz)2NIN=2k 2N -k N -k 2N N , k
=1,2, - - - N. (b) MOBIpHiCTL Nepexoay B LibOMY BUNa/Ky BUNAMBag 3 npuknagy 15A-2 (ctopiHka 766) 3 A(z) = B(z) = eN(z—1) i, omxe, Ak = {eA(N-K)(z—1) ) Ak eAk(z-1) IN-k {eAN(z-1) }N = Ak {eANz }N—k {eANz }N = Ak (AN)N-k /(N= k) AN) N/N! = NI (N-K)!Nk=1-1N1-2N---1-k-1N,k=1,2, - - - N (c) AmoBipHicTb nepexoay
B LIbOMY BUMNaAKy BMNOroOBHi 3 npuknaay 15A-3 (cTopiHka 766-767) 3 A(z) = B(z) = q 1 — pz . Taknm umHom, Ak = pk {1/(1 — pz)N+k IN-k {1/(1 = pz)NIN=(-1)k -(N+ k) N-k-N=2N-1N-k2N-1N,r=2, 3, - - N 20. 226 15.14 3 (15-240) cepefiHiii 4ac Ha BEKTOp NOrMHaHHsa 3agagtecam=(I-W)-1E,E=11, 1, - - 1]T, e Wik =
pik,j, k=1,2,---N-1, 3 pjk, gk garo (15-30) i (15-31) signosigHo. 15.15 CepeaHiii Yac nNornnMHaHHA 3a80B0/bHAE (15-240). 3BigTn mi =1 + KET pik mk = 1 + pi,i+1 mi+1 + pi,i-1 mi-1 = 1 + p mi+1 + g mi-1, a6o mk = 1 + p mk+1 + g mk-1. Lle gag p (mk+1 — mk) = q (mk — mk-1) — 1 Let Mk+1 = mk+1 — mK Tak, L0 HaBeAeHa BuLLE
iTepauis pag Mk+1=qpMk-1ptoMl-1pl+qp+qp2+ ---+qpk-1=([I[{ [|[lgptoMl-1p-ql-(qk,p=qMl-kp,p=q21.227 Uegagmi=i-1k=OMk+1=[ |[[[[[{ [I[[[{M1+1p-qi-1k=0qp-ip-qg,p=qiMil-iii-1)2p,p=q=[IIIH[III{Ml+1p-ql-(a/pil-alp-ip-q,p=qiMl-i(i-1)
2p, p = g, Ae MV BUKopucToByBaiM mo = 0. Tak camo ma+tb =0 gagM1l+1p-qg=and+bp-q-1-q/p 1 - (g/p)atb . Takum unrom, mi= [ [|[{ [[[land+bp-q-1-(q/p)il- (a/p)atb-ip-qg,p=qi(@a+b-i),p=q,awmiigagansi=ama=[||[{ [|/land+b-q-1-(g/p)and 1 - (q/p)atb—andp-q,p=qab,p=q= ][]
[I|lb2p-1-and+b2p-1-1-(p/g)b1l-(p/g)atb, p=qab, p =g, Hanucaswm 1 - (g/p)and 1 - (g/p)a+b = 1 - (g/p)a - (a/p)a+b 1 - (g/p)a+b =1 - 1 — (p/g)b 1 - (p/q)a+b (avB. Takox npobnemy 3-10). 22. 228 Masa 16 16.1 BukopuctanHs (16-132)3r=1.LUegagpn=[ |1 [|lpnn'p0,n<1pnp0, 1 &t n<m=pnp0,0<n<m
Takum umHOM M N=0pn=pOmn=0pn=p0 (L -pm+l)1-p=1==p0=1-pl-pm+l,aomkepn=1-pl-pn+tlpn,0<n<m p=1Llilimp - 1, otpumymopn=1m+ 1, p=1.16.2 (a) Hexari n1(t) = X+ Y, ge XiY npeacrasnatotb Agi yeprn. Togi pn = P{nl(t) =n} =P{X+Y =n} =n k=0 P{X =k} P{Y =n -k} =nk=0 (1 - p) pk
(1-p)pn-k=(n+1)(L-p)2pn,n=0,1,2,-()ae p=Ny. 23. 229 (b) Konn oJ'JnHyTTCn epru, HoBa BHa cTaska | = | + | = 2. Jakun Juron, 102-16) J) pn=[ [ |1 ]][ (/m)n! po = (2r)n! pO, n &lt; 2 22 2! (1 2m)n p0 = 2rn p0, n = 2. JeJncy o k=0 pk = pO(L + 2r + 2 0 k=2 pk ) = pO(L + 2r+2r21-r)=p0 1l -r((2r+2r21-r)=p0 1
(N 1+2r(@A-r+2r2)=p01-r(1+rn=1==p0=1-r1+r,(r=1lm). (i) Jakun Juron,pn=[p 2@ - m /A +r),n<1 @ -n/1+r),n=0 (i) (c) lns a M/M/1 Jepna cepenH (16-106) J r = 1) E{X} = L1 = w0 n=2 (n — 1) pn 24. 230 ge pn € in (16-88). ¥ 1996 poJ J « BH lys 10-ny 1990-c, a B 1970-1970-1970-1990-1970-
1970-1990-1970-1970-1970-1970-1970-1970-1970-1970-1970-1970-1970-1970-1970-1970-1970-1977 1 = 1) r2 o k=1 k pk=1=(1-1Nr21 (1 -nN2=r2 (1 =) . (iv) JekJnkm nl(t) = X + Yy Hac é L1 = E{n1(t)} = E{X} + E{Y } = 2L1 =2r2 1 - r (v) Ins L2 nn noneno BukopuctoeBaTtu (16-106)-(16-107) n r = 2. JukopuctaHHn (iii)) laJ L2 = pr
r-n2=21A2-nr21+r(1-nN2=2r31-2r=2r21-r1+r&lt; L1 (vi) From (vi), from (vi) from 16.3 JAuHunn HeHynoBwuam noBBpHoOcTAM nono Tponecy N0,0 =10 =-ml, 10,1 = pl,i+l =(m —i) I, ly,i-1 =im 25. 231 min,i=[(m-i) I +im],i=1,2,- - -,y = 1y, gy = -Im,m-1 = -mm. JnJnHonnnann JHa (16-63) Tekct, oTpuayno m | po
=m p1 (i) [(m=i)l+im] pi = (M=i+1) pi-1 +(i+1) m pi+1,i=1, 2, -, -1 (ii) p pm = | pm-1. (iii) lons'nok (i)-(iii) oTpunyno pi=mil+miml+mn-i,i=0,1,2, -, m16.4 (@) Y Jony sunanky pn= [ | [|[[II[[[[[{plpl--Iml=plnpo, n&tmIimlpl--ImiIim2---1p2p0,n=2m= (| pllrm1p0,n&tmpm-11rn-m+l2p0,nzy,
neon=0pn=p0m-1k=0rk1+rm-11r20n=0mM2=p01-1-1rr2rm-111-r2=r2=126.2320aJp0=1-nm11-rl+r2m-11-r2-1.(b)L=cwn=0npn=p0m-1n=0nmil+won=mnnm-11rm-m+12=p0olrim-1n=0nrl11+rlirlr2uy-2con=mnr-1200=p0olriddrim-1n=0rn1+rlrl2mr-2mr-r2d
dr2con=mm2oo0=pO0olrldril-ri-r+ririrlr2m-2dmil-ro=pril+Mm-1)rmi-mm-11](1-rL)2+r2rm-11+[m-(m-1)r2] (1 -r2)2.16.5 Jonysunankylei= [ ||l ,j&lt;rpl,j=rmi= [ [|[jm,]&It rm,j=r. BukopuctanuHs (16-73)-(16-74) ganpn= [ ||| || (fm)n! pO, n &It; r (/m)r! (pl/rm)n-r , n > r. 27. 233
16,6 P{w &gt; t} = m—1 n=r pn P(w &gt; tjn) = n=r pn (1 — Fw(t|n)) = pr A rp n-r (1 — Fw(t|n)) fw(t|n) = e—ypt (yu)n—-r+1 tn—r (n —r)!) (gue. 16.116) i Fw(tin) = 1 — n-r k=0 (ypt)k! E-ypt (ams. 4.) Tak, wo 1 — Fw(t|n) = n—r k=0 (ypt)k! e—yut P{in &gt; t} = m—1 n=r pr yp n—r n—r k=0 (ypt)k! e-ypt = m-r—21i=0 pr pi Ta k=0 (ypt)k! e-ypt, n—r=i=pr
e-yut m-r=1 k=0 pk k i=0 (yut)i! = m-r-1 k=0 k i=0 = m-r-1 i=0 m-r-1 k=i P{w &gt; t} = pr e=yut m-r=21i=0 (yut)i! m—r=1 k=i pk = pr 1 — p e-yut m—r=1i=0 (ypt)i! (pi — pm-r), p = Myy. 28. 3BEPHITb yBary, Wo m — o == M/M/r/m == M/M/r Ta P(in &gt; t) = pr 1 — p e-yut o i=0 (yppt)i il = pr 1 — p e-yu(1-p)t &gt; 0. i norogKyeTbCA 3
(16,119) 16,7 (a) Bukopuctosyite nigkaskm (b) —con=1 A+ py)mon+p3con=1pn+lzn+l+Acon=1nk=1pn-kckzn=0-(p +1) (P(z) -p0) +pz (P(z) -p0—-plz) + Ao k=1 m=0pmzm =0, wo aae P(z)[1 -z-pz (1 -C(2)]=p0(1 -2z)abo P(z) =p0(1-2)1-z-pz(1-C(2)) .1 =P(1)=-p0-1-p=pzC(2) + pC(z) =-p0 -1 +
PC(1)==p0=1-0p,p0=pC(1). Hexan D(z) =1-C(z) 1 -z .MoTimP(z) =1 -pL 1 -pzD(z).(c) Ue pae P (z) = (1 - pc) (1 — pzD(2))2 (pD(z) + pzD (2)) 29. 235 L=P (1)=(1-pc) (1 - pc)2p (D(1)+D (1) =1(1-pc) (C()+D (1) C(1)=E(1)=E(1)x)D(z)=1-C(2)1-zD@)=1-20(-C@)-1-C2)(-1)(1-22=1-
C(z) - (1 -2)C (2) (1 - 2)2 3a npasunom L-Hopital D (1) =limz-1-C(z2) - (-1)C(2)-(1-2)C(2)2(1-2)=limz-1=12C(2)=C (2)2=12k(k-1) Ck=EX2)-EX)2N=p (E(XX) +EX2)) 2 (1L - pEX)) . (d) C(2)zmEX) =mP(z)=1-pl-pm=1zkD(z)=1-zm1-z=m-1 k=0 zKk E(X) =m, E(X2) =m2 L = p(m + m2) 2(1 -
pm) 30.236 () C(z2)=qz1-PzP(2)=1-p01-pzD(2),C(2)=gz1-pzD(z2)=1-C(2)=1-C(2).2)1-2=1-9z1-P(2)1-z=1-Pz-(1-P)z(1-2(1-P2)=1-z(1-2)(1-P2)=1-PzP(2)=(1-p0)(1-p2)1-pz-pz=(1-p0)(1-p2)11-(p+p)3C(1)=(1-p2)q-9z(-p) (1 -P2)2=9092=19gD@)=1-C(2) 1 -
3D()=C(AQ)L=PQ)=1-pc(l-pc2(p-CL)+p-DAQ)DE@=-1-2C@-1-C@)(p-1)(1-22=1-C-1-22CQD)AQ2-22nmM3-1D((2)=nim3-1-C(2)-(-1)C2)-(1-2))C(2)201-2)=-(1-2C(2)2(1-2)=p(2)2D(Q)=CQ)2L=1(1-pc)pEX) +p (E(X2) - E(X)) 2 =pE(X) + pE(X2) 2(1 - pC) .

16.8 (a) BukopucTtosyiite nigkasku. (b) — o n=1 (A + ) NH + P zn c© n=1 pn+m zn+m + Az co n=1 pn—-1 zn-1 =0 31. a6o —(1 + p) (P(z) = p0) + 1 zm P(z) — m k=0 pk zk + pzP(z) =0, wo pac P(2) pzm+1 - (p+1) zm+1=mk=0pk zk = p0 (L + p) zma6o P(z) =m k=0 pk zk = p0 (1 + p) zmp zm+1 - (p + 1) zm + 1 = N(z) M(2) . (i) (c)
PosrnaHemo mHorouneH M(z) B (i), 3aganuin M(z) = p zm+1 — (1 + p) zm + 1 = f(z) + g(z), e f(z) = -(1 + p) zm, g(z) = 1 + 1 zm+1 . 3BepHiTb yBary, [f(z)| &at; |9(z)| y koni, Bu3HaueHomy |z| = 1 + €, € &gt; 0. Takum unHom, Teopema Pyua f(z) i f(z)+g(z) matoTb 0OAHAKOBY KiNbKICTb HY/IB BCepeuHi kona oanHunui (|z| = 1 + €). Ane f(z) mae m
Hy /i BcepeauHi kona ognHuui. Omxe, f(z) + g(z) = M(z) Takox Mae m Hy/i BcepeaunHi kona oguHuui. Onke, M(z) = M1(z) (z — zO0) (ii), ae |z0| &gt; 100000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000 Ale MOMEHT, O reHepye dyHKLIO P(z), aHaniTMuHWiA BcepeauHi i Ha Koni
oaMHWLi. Takum YnHOM, BCi m Hyni M(z), siki 3Haxo4ATbCA BcepeavHi abo Ha KOs OAMHULL, MOBUHHI BYTU cKacoBaHi Hy/1aMK1 nosliHoMa yncenbHuka P(z). 3sigev N(z) = M1(z) a. (i) 32. 238 BukopuctaHHs (i) i (iii) B (i) mn otpumyemo P(z) = N(z) M(z) =z-20 . AneP(1)=1paca=1-2z0a60P(z)=2z0-120-2z=1 -1 20 o n=0 (z/z0)n
==pn=1-1201z0n=(1-r)rn,n=0(iv), ae = 1/z0. (d) CepeaHiin po3mip cuctemm L =con=0npn=r1-r. 16.9 (a) BukopnctosyiitTe nigkasku B nonepedHin npobnemi. (b) — o n=m (A + y) pn zn + g co n=m pn+m zn + A o n=m pn-1 zn —(1 + p) P(z) — m-1 k=0 pk zk + 1 zm P(z) - 2m-1 k=0 pk +p z P(z) - m-2 k=0 pk zk = 0. MNicns
AEsKNX CnpoLieHb oTpuMyemo P(z) p zm+1 — (p + 1) zm + 1 = (1 — zm) m-1 k=0 pk zk a60o P(z) = (1 - zm) ), m—1 k=0 pk zk p zm+1 — (p + 1) zm + 1 = (zO — 1) m-1 k=0 zk m (z0 - z) 33. 239, e MV BUKOPUCTOBYEMO TeepeM Pyua i P(z) = 1, Ak y npo6nemi 16-8. (c) P(z) =con=0pnzn=1-rm-1k=0zk1-rzpgacpn=[ { [l @ +r+ -+
rk)pO,ksm-1rm-m+1(1+r+-+rm-1)p0,k=2m,gep0=1-rm,r=1z0.HapewTiL=c0on=0npn=Pn(1). AneP(2)=1-rm-1k=1kzk-1(1-rz)-m-1k=0zk (- (L -rz)2TakwoL=P (L) =1-rm-1+r(1-N2=m-(1-rm@-nN=11-r-1m.16.10 MpoaoBxeHHs Ky (16-212), NA(u) = 0 e-utdA(T) =Amu +A
mz m . 34, 2014, in Los Angeles. 240 Lle gac B(z) = nAW@A -z)) =Amp(1-2)+Am=(l11+1p(1-2) )/ m=p@+p)-zm, p=p=1000 M y . (i) Takum YMHOM piBHAHHS B(z) = z A5 10 3MeHWMTN Ao p (L +p)—zm =z abo p (1L + p) —z=z1/m, Wo Te x came, Wo i p z—1/m = (1 + p) — z (i) Let x = z-1/m . B'enb-e-bya () —
MyHiumnanitet y ®paHuii, y perioHi Myatun-Ae-CeB. Q(z) (M (Z (1 -2)m (035).241,itis1++(1-2)=z-1/m. (i) Heay x = z1/m B aHOHOHOC BMpad.. — xm ] X = 1 a0 a0 aHeHHaHa ao0BOBOHa aadoBOHa a adoBOHa Ha0BOBOOHHa a a xm+1 — (1 +a) x + 1 = 0. (ii) 16.12 16.12 6 . e-s Ti (i) aHa (i) Ha (15.219), coanaao A(z) =a (a (1 - 2)) =k
i=1die-ti(1-z) =ki=ldie-? Tiz=ki=1 di e-1 di e—ti o j=0 (a Ti)j zj! = » j=0 aj zj . 1990-1990-1990-1990-1990-1990-1990-1990-1990-1990-j =0, 1, 2, - . (i) 36. 242 LLlo6 oTpmmaTL 4UiTKy bopMyy MMOBIPHOCTI CTIikOro cTaHy {gn}, M1 MOXXeMO BUKOPUCTOBYBaTU aHani3 y (16.194)-(16.204) ans yeprn M/G/1. (16.203)-(16.204) Heai c0 = 1
—a0,cn=1-nk=0ak, n>1Heae {c (m) k } coctaBaBa oocaa-m-folk. ¥ 1990 poui BiH 6yB 11-m y 1990-x e pokax. (b) Po3nogin gepxasHo-3anexHux nocnyr Let Bi(t) npegctasnse po3noain yacy 06CyroByBaHHs A/19 TUX KNIEHTIB, SiKi 3aX04sTb B CUCTEMY, e OCTaHHil BUI34, 3a/1MWKMB i KNieHTiB y yep3i. (15,218) Ha ak,i = P{Ak| Bi}, de Ak
= k kacHu p. cucteHaHa aom aaca obcadoBasaHHaH. If you're ak,i = o 0 e='t (?k)k! dBi(t) = [ | [ 11114 111111 o 0e="t (t)k! ul e-plt dt = plak (U + PpL)k+1,i=0 o 0 e='t Ok! u2 e-p2t dt = u2yk (u + p2)k+1,i=1 (i) 37. 243 Aiz) = k=0 ak,izk = [ ||| [{ [[[I[l11+(1-2),i=011+1+(1-2),i=1(ii), e 1. = 15.24, COBCA COBMHCA
ccunoo ctaHH. [(15.210) amuHca] gj = q0 aj,0 + j+1 i=1 qi aj—i+1,i (ii) (dvB.) 5.212)) Q(z) = » j=0 qj zj = g0 = j=0 aj,0 zj + « j=0 qi aj—i+1 ,i = g0 A0(z) + « i=1 gi day .o m=0 am,i zm z-1 = g0 A0(2) + (Q(z) — q0) AL(i) z)/z (iv), de (duB). (i)) AO(z) =11+ (1-2) (V) al(z) =11+ 2(1-2). (vi Bs(iv) Q(z) = g0 (z A0(z) - AL1(2)) z - AL(z) . (vii) 38.
244 Oc-a-n Q(1)=1=9g0 A0(1) + AO(1) -AL(1) 1 -AL(1)=q0 (1 +1--2) 11— (viii) (vii)Ha (Vi) Q@) YkQ(Z)=(1-a2) (1-2)Al(z) Al(z2)-z-11+1-21-zA0(2)/Al(z2) 1-2=1-1-1-2211+1--21-1-1+121-11+z2=QL(2) Q2(2) (ix),de QL(z) =1-1-1-2z=(1-2)ok=02zktaQ2(z)=11+-2-1-1-1
+12zi=0pl1+plizi.HapewTi, 3amiHa. Q1(z) i Q2(z) B (ix) M1 oTpuMyemMo qn =0 | [ ni=0pl 1+ pln-ipi2 - n-1i=0 pi+1 2 pn—=i-11 (L +pL)n-i|].n=1, 2, - - - - 3 g0 AK y (viii). 39. 245 16.13 3 (16-209) Jlannac nepeTBOPIOETLCA HA AUCTUbYBAHHSA Yacy ouikyBaHHs, ane BiH HapgaeTbes Wwn) =1 -pl-A1-dss(s)=1-pl-py
1-ds(s) s . (i) Hexait Fr(t) = pt 0 [1 — B(1)]dt = p t=t 0 B(1)dt . (ii) npeacTaBnsaoTb PO3MNOAIN 3a/IMLLKOBOro Yacy 06¢yroByBaHHs. MoTim iMoro nepetBopeHHs Laplace 3agaetbca PF (s) = L {Fr(t)} =p 1l c— ds(s) s=u 1 - ds(s) s . (iii) 3aamineHHs (i) B (i) mu otpumyemo Ww(n) =1 -p 1 - p ®PF (s) = (1 — p) © n=0 [p OF (s)]n, |PF (s)| &lt;
1. (iv) Taking inverse transform of (iv) we get Fw(t) = (1 — p) 0 n=0 pn F(n) r (t), where F(n) r (t) is the nth convolution of Fr(t) with itself. 16.14 Let p in (16.198) that represents the average number of customers that arrive during any service period be greater than one. Notice that 40. 246 p = A (1) &gt; 1 where A(z) = « k=0 ak zk From
Theorem 15.9 on Extinction probability (pages 759-760) it follows that if p = A (1) &gt; 1, the eqution A(z) = z (i) has a unique positive root 110 &lt; 1. On the other hand, the transient state probabilities {oi} satisfy the equation (15.236). By direct substi- tution with xi = 1ti 0 we get « j=1 pij Xj = c j=1 aj—i+1 1j 0 (ii) where we have made use of
pij = aj—i+1, i = 1 in (15.33) for an M/G/1 queue. Using k =j — i + 1 in (ii), it reduces to o k=2-i ak 1tk+i-1 0 = 11i-1 0 0 k=0 ak 1tk 0 = 11i-1 0 110 = T1i O = Xi (iii) since 110 satisfies (i). Thus if p &gt; 1, the M/G/1 system is transient with probabilities oi = 11i 0. 16.15 (a) The transition probability matrix here is the truncated version of (15.34)

givenby 41. 247 P = (|| [IIII[IITITIIIITTITI]]Ila0ala2----am-21-m-2k=0aka0ala2 ---am-21-m-2k=0ak0alal ---am-31-m-3k=0ak.................000---a0all-(@0+a1)000---0a021—a0 | [II[IITITITIITIITITTITTTT) () i Bignosigae maTpuui BepxHbOro niBoro 61oky B (15.34), 3a
SKMM C/liay€e MT-CTOBMNELb, KNI pOOUTL KOXHUI pAA0K CyMOK0 piBHUM eaHocTi. (b) Mpamum cnbcTtuuieto (i) B (15-167), cTiliknm ctaHoM nNpo6-3ai6HocTel {g* j }m—1 j=0 3agoBonbHAE g% j=qg* O aj+ j+1li=1g* iaj-i+1,j=0,1, 2, - - - , m — 2 (ii) i ymoBa Hopmani3auji gae q* m-1=1-m-2i=0 g i. (iii) 3BepHiTb yBary, Lo (ii) B TOMY X,
Lo | nepui piBHSAHHA M — 1 B (15-210) ana ueprn M/G/1. Taknm YmHOM, 6axkaHe po3B* =q* j }m—1 j=0 mae 3a00B0O/bHATY neplie m — 1 (15-210). Ockinbkn yHiKasibHe po3B'A30k set to (15.210) 3agaHo {gj}e j=0 in (16.203), TO 3 LOro BUN/IMBAE, L0 6akaHi IMOBIPHOCTI 3a40BO/bHANTL 4% j=Cqj,j=0,1, 2, - -, m =1 (iv), ge {gj}m-1 j=0

€ AK Yy (16.203) ans yeprn M/G/1. 3 (iii)) M1 TakoX OTPUMYEMO KOHCTaHTY HopMaisauii ¢ 6ytn 42. 248 ¢ =1 m-1i=0 qi . (v) 16.16 (a) MNoaia {X(t) = k} moxe BigbyBaTMCA AEKINIbKOMA B3aEMOBUK/IOYHUMK cnocobamu, viz., B iHTepsani (0, t), npnbyBatoTb N KAIEHTIB | K 3 HMX NPOAOBXYHOTb CBOK C/YXOY 3a Mexamu t. Hexaii A = n HaaXomMKeHb
(O, 1), i Bk,n =TouHO k nocnyrn cepea n npuxig NpoAoBXyHTbCS 3a MexamMu t, NoTiM Teopema 3arasibHoi iMoBipHOCTI P{X(t) = k} = o n=k P{An n Bk,n} = o n=k P{Bk,n| A}P(An). Ane P(An) = e—At (At)n /n!, i ouiHnT P{Bk,n| An}, Mn cnepedyaemocs Tak: 3 (9.28), 3a yMOBM, L0 € N HaaxomkeHb (0, t), cnifibHWIA po3Noaisi MOMEHTIB NPUOYTTS
NOrofXXY€eTbCA 3i CNiSIbHAM PO3NOAISI0M N HE3a/IEXHUX BUMAAKOBUX 3MIHHUX, pO3TalloBaHUX Y nopsaaky 36inbLUeHHS Ta piBHOMIpHO posnoginerux (0, t). ¥ 1990 poui BiH 6yB 17-m npe3ungeHTom CLUA. t) 3agaetbea pt =t 0 P(S &gt; t — X|x = xX)x(X)dx =t 0 [L - B(t-x)] 1 7141 T 0 (1 - B(1)) d1 = a(t) t Takum ynHom, Bk,n 3agaHnii An mae
6iHomianbHU po3nogin, Tak wo P{Bk,n| An} =nkpkt(1-pt)n-k,k=0,1,2,---n, 43.249 i P{X(t) = k} = o n=k e-At (At)n! n k a(t) t k 1 T 0 B(t)dt n—k = e—At [Aa(t)]k! co n=k At 1 T 0 B(t)dt n—k (n — k)! = [Aa(t)]k! e —=A t=t 0 B(1)dt = [Aa(t)]k! e-A t 0 [1-B(1)]dT = [Aa(t)]k! e-A a(t) , k=0, 1, 2, - - - (i) (b) lim t- o a(t) = 0 0 [1 — B(1)]dT = E{s}
(i), ne mn BukopuctoByemMo (5-52)-(5-53). Bukopuctosytoun (i) B (i), Mn oTpumyemo lim t— oo P{x(t) = k} = e—p pk k! (iii) ae p = A E{s}. E{s}.
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